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Free - congested Navier-Stokes equations

compressible fluid under maximal density constraint in a bounded domain Q c R3

0tp + div(pu) =0
0t(pu)+div(pu®u)+Vp—puAu—(A+pu)Vdivue=0
0<sp=<1, (1-p)p=0, p=0

+ Dirichlet BC: 150 =0

e p<1: free / pressureless equations

e p=1: constrained / incompressible equations

p is the Lagrange multiplier associated to constraint divu=0

e the interface between the free domain and congested domain is unknown



e asymptotic model for two-phase flows when the ratio g—; -0

Bouchut, Brenier, Cortes, Ripoll (2001)

e partially pressurized flows / floating structures

Bourdarias, Ersoy, Gerbi (2012)
Lannes, Bocchi (2017, 2019)
Godlewski, Parisot, Sainte-Marie, Wahl (2018, 2019)

e collective motion

Degond, Hua, Navoret (2011), Maury et al. (2012) — see also Hele-Shaw models

several approximations proposed to approach the free boundary problem



Approximations - inviscid case

otp+div(pu) =0
0t(pu)+ div(pueu)+Vp=0
0<p=<1, (1-p)p=0, p=0

e “sticky” blocks
ref: Berthelin (2002), Preux (2016)

e relaxation/penalty approach (convergence not proved)

_(p-1)+
=

pa(p) » A=0

ref: Godlewski, Parisot, Sainte-Marie, Wahl (2018-2019)



Approximations - viscous case

soft congestion approach

penalty approach

e singular pressure — barrier

_ $(p)
pelp) =i Zpyp €0

e penalization of large densities
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ref: Degond et al. '11, P. & Zatorska '15

ref: Lions, Masmoudi '99

convergence of weak solutions as n— +oo / € —0

e uniform estimates: energy, control of the pressure
e convergence via the effective flux and the use of renormalized solutions 5



Soft approximation of the free boundary problem

0tp+div(pu)=0
0t(pu)+ div(pue u)+Vp—puAu—(A+pu)Vdivu =0

0<sp=<1l, (1-p)p=0, p=0

soft approx.: compressible NS eq. with singular pressure ps(p) =¢

(1-
0tpe + div(peug) =0
() 0t(peug) + div(peus ® ug) + Vpe(pe) — pAug — (A + pu)Vdivue =0

O0<spe<l ae.

main goal: discretization of (2%) which “preserves” the asymptotics € — 0



Continuous problem

0tpe + div(peug) =0
() 0t(peug) + div(peus ® ug) + Vpe(pe) — pAug — (A + pu)Vdivug =0

O<pe<l ae, pe(p)=¢
(1-p)P

e construction of (pe, ug) — truncation of the pressure law p, 5, § — 0

psp)=] PO Tos1-o
&0 edPpY ifp>1-6

e uniform estimates on (pg, ug)

e renormalized mass eq. with H.(p)p - He(p) = pe(p), He(p) o e(1-p)1-A

0tHe(pe) + div(He (pe)ue) = —pe(pe) divug
e energy estimate

2
sup f Pelul + He(pe)
te[0, T]/

+f0TfQ [IJ IVu5I2+(/1+p)(divug)2] <E
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Continuous problem - Control of the pressure

0tpe + div(peug) =0
0t(peug) + div(peug ® ug ) + Vpe(pe) — pAug — (A + p)Vdivue =0
O<spe<l1

e use as test function in the mom. eq.: ¥ =%B(pe— < pe >), B~ div-!

UOTpre(Pe)(Ps—<pE >) | < C(EO)

e split the integral into two parts: {pg < 1+<p€ —=~=} and {p¢ > 1+<2p5 }
if <pe>= <p8> <p* <1 then
T
C = [ [ pelpedpem<pe>)t,, aesper,
>

1-<pe> [T
Y fO fQPE(Ps)]-{pRW%}
1-p* T

(Pe)l{pe> 1+<2pe>}

= | Ipe(pe)l 2 (jo, 7<) = € 8




Continuous problem - Limit

e convergences
pe—p strongly in L9((0, T)xQ) V 1< g< +oo,
ue —u  weakly in L2(0, T; H&(Q)),
pe(pe) —p weakly in 4. ((0,T)x Q)
e exclusion relation

(1-pe)pe(pe) — 0 strongly in L9((0, T) x Q) for some g>1
e (p,u,p) is a weak solution to

0tp + div(pu) =0
0t(pu)+div(pu®u)+Vp—puAu—(A+p)Vdivu =0
0<p=<l, (1-p)p=0, p=0

ref: P., Zatorska (2015)



Numerical approximation of the model

0tpe + div(peug) =0
() 0t(peug) + div(peus ® ug) + Vpe(pe) — pAug — (A + pu)Vdivug =0
oY
(1-p)f

O<pe<l ae, pe(p)=¢

e in the regions where 1-p; <1 = incompressible regime,

characteristic speeds = u+1/pL(p¢)

o if the scheme is explicit ~» instable scheme because the CFL is too stringent

e colocated schemes loose precision in the dense regions (high num. diffusion)
possible corrections — see Degond, Hua, Navoret (2011)
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Numerical approximation of the model

0tpe + div(peug) =0
() 0t(peug) + div(peus ® ug) + Vpe(pe) — pAug — (A + pu)Vdivug =0
oY
(1-p)p

O<pe<l ae, pe(p)=¢

e staggered FV/FE space discr. + projection method (open software CALIF3S)
e hybrid method Finite Volume - Finite Elemente

e staggered scheme = discrete Bogovskii operator (inf-sup condition)
= stability of the pressure

e pressure correction scheme adapted to compressible equations

analogy with the low Mach number limit: Herbin, Latché, Saleh (2020)
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Implicit staggered FV-FE scheme

e QcR3 polyhedral, 2 = (.#,&) a staggered discretization

i i ek e scalars at the centers of cells: (px) ke

K

KL .
e vectors at the interfaces: (ug)gee

e mass eq.: FV on the primal mesh

1 a1

6t( n+1un+1)K=0

—py)+div(p

e mom eq.: mixed FV - FE (Crouzeix-Raviart / Rannacher-Turek) on the dual mesh

1
5 (pg:rl g+1 ngug)"' div(pn+1un+1®un+1)o_ diV(T(un+1))g+(Vp"+1) -0

where |Dglpp, =Dk ¢lpk +1DLglpL YO €&, 0=KIL

Pe,h(P) = Eé‘;ﬁpy for p>1-6,p 12



Discrete renormalized mass equation

e continuous case:

0tHe(pe) + div(He(pe)ue) = —pe(pe) divue  with Hg(p)p —He(p) = pe(p)

e discrete mass equation

1 )
(Pt = pl) + div(p

n+l n+l
— u =0
5 K

. . 1
with le(PU)K:m Z( )FK,m Fko =01pcts nK,g,  Po=po
ge&(K

e define H, j, such that Hé,h(p)p— He,h(0) = pe,n(p)

1 . .
S (Hen(PRH) = Hep(pR)) + div (He n(0™ )u™ )i +RE = =pe (™) div(u™ )i

H p convex = Y~ IKIR}'?IZO
Kell
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Discrete energy estimate - |

1 n+1

5p (PR = pR) +div(p™ ") =0

1
a(pgjlug” - pp uy)+ div(p"Jr1 ulg u”+1)g - div(r(u"+1))g + (Vpgzl)g =0

Goal: Multiply by ug+1 the mom. eq., sum over 6 €& / combine with the mass eq.

e V- div discrete duality:

1
Y. IKipgdiv(u)k = ) IKlpkye Y, 10luo nk,o

Ke.l Ke.l 0e8(K)

== 2 lol(pL—PK)uo Nk,
oes
Setting (Vp)o = %(PL—PK)”K,U for o0 = K|L, we ensure
(o2
Z |K|PKdiV(U)K == Z |D0'|UU'(VP)LT
Kell o€eé
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Discrete energy estimate - ||

1 1
6t(an+1_pK) |K| Z FK,U(p
0e8(K)

n+1,un+1) -0

= (pg:—l g+1 pggug)+div(p"+1u"+1®u"+1)g—div(‘r(u"+1)) +(Vpg+l)

e we define |Dylpp, =Dk glpk +1DpgslpL

1 1
div(pu®u)g=D— Z Foe- e, UG:E(UU+UUI) for ¢ = Dy| Dy
Dol eé(Dy)

. D
with FK,U + Z FU',E = | ;Ul Z FK,U
e€&(Dy),ecK Kl oe&(K)

e discrete mass balance on the dual mesh

|D5|
5_: (pg;l—l _Pgn)"’ Z Fa,e(pn+1yun+1) =0 VO’Eéaim.
e€&(Dy)
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Discrete energy estimate - |ll

e local-in-time energy inequality

1
5 = 1Dol(pB™ 1ug* P =p5, 1g%) + 3 1KI(Hen(pi ™) = HenleR))
T€8int Kell

n+1

+u 6t flu gﬂjso

=0

“12%

”+1,un+1)

e given (p",u"), existence of (p by a fixed point argument

e need to truncate the pressure ps ~ pp

e global discrete energy inequality

1
5 2 Dol pp, lugl®+ 3 IKIHgp(pk)+ 1 Z5f 16405 2, 4
0€8int Ketl

=

N -

Y IDsl p3, 16312+ Y IKIHe (%)
0€8int Kell
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Maximal constraint on the density

pe(p) if p<1-6gp

H. 1 (0)p = He,n(p) = pen(p)  with pep(p) =4~ _
o 1(0)p = He,n(p) = pen(p) e.h(P) 6 B0t i p> 10,

o the control of the internal energy ) |K|H, (o)) < Eg implies
Ke

meas {p" >1—-6, p} < C(Eo,y,ﬁ)£_16f;1

1
e choose 8, p =eP~1 h® with a(f-1)>d

= meas {p" >1-6, p} < C(Eo,y,ﬁ)ha(ﬁ—l)
= meas {p" >1-6, p}<|K| V Ke.t, for h small enough

conclusion

1
Pk <1-8p=1-h%P1| forall Ke.u
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Control of the pressure - |

1 1
o ph<1-6,p=1-h"FT forall Ke.st but pe(1-8.p)oce P1
e continuous case: test the momentum eq. against ¥ = 3B(ps— < pe>), B = div!

Lemma (L9 discrete inf-sup property)

Let 9 = (M,E) be a staggered discretization of Q. Then, there exists a linear operator
B Lauo(Q) — Hy0(Q)
depending only on Q and on the discretization such that the following properties hold:
(i) Forall fel 40(Q),
f()pdivﬂ(ﬁﬂf)dx=j;)pf dx, Vpel 4(Q).
(if) For all g€ (1,+00), there exists C = C(q,d,Q), such that
1.0 F1l1,q,0 < CllFl La()-

18



Control of the pressure - 1l

® we set

Wn+1:<‘%j[(l)n+l—<,0n+1>) where <p”+1 |Q| Z K | n+l _ |Q|f ,08(

e thanks to the energy estimate, there exists C >0 independent of € such that

‘f pg+1 le,/ﬂU/’H'l dx| = fpn+l n+l_<pn+1>) dxl<C

e assuming that < pg > < p* <1 for some p* independent of ¢

||P£( )”Ll( ) <C

e all the discrete norms are equivalent, hence there exists Cp, >0 indep. of € such
that

1
pg<Ch YV Ked and py<1-CpeP V Kell
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Asymptotic behavior as ¢ — 0

e thanks to the previous estimates
e (pg)e bounded in L°([0, T] x Q)

o (ue)e bounded in L2([0, TT; (H3(©2))9)
o (pe(pe))e bounded in L1([0, T]x Q)

e by the Bolzano-Weierstrass theorem (fixed mesh = finite dimension),

there exists a converging subsequence (pg, Ug, Pe(pe))e
e maximal density constraint satisfied by the limit p:
O0<pj=<1 VY Ke, n=0,...N
e exclusion relation:
(1_PQ,K)PQK:fl/ﬁ(Pg,K)Y/ﬁ(PgK) .

:(l—p';()pf(zo Y Ked, n=1,...N

51
P - 0
-0
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Pressure correction scheme

Knowing (p"71,0™, u") € L4 (Q) x L 4 (Q) x H.4 0(), compute (p™*1,u"*1) as follows:

Pressure gradient scaling step:

n \1/2
n_|PDs n
(Vpé')a' = Tl (Vpé')a' Vo € Eint
Pp,
Prediction step: Solve for i1 € H ; o(Q): Vo €&
1 ~n+1 n-1 n

1 - = A .
520D, 05 =P g+ o X Foe(pu") GE + (Vpe)g - div 1(@™ 1) =0,
BENTe v Dol e £(D,)

Correction step: Solve for p"*1e L ;,(Q) and u™t e H 4 o(Q):

1 1

E(P"K”—P'k)’rm Y Fko(p™hu™)=0  VKeu,
e&(K)

1 B .

52PD, (4871 =5+ (Vpe)3 ™ ~ (V)5 =0 Voebine
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Pressure correction scheme

e initialization of the scheme
-1 1 € 0 1 £
P = K Kpo(x) dx VKe, uy = ol ug(x)do(x) Vo€ &in
o
we compute p® by solving the mass balance equation for n=—1:

1 1
&(pK pK) Kl Y Fro(p®u®)=0 VKeu.
1Kl ses(k)

e we assume that (p?,u?) is “well-prepared”:
lu§lpraye +1pe(pf)z(ay +1(1=p5)  [div uf]-l2(q) < C

= appropriate bounds on p(i)< + control of the discrete energy
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Numerical simulations with CALIF3S - inviscid 1D case

0.7,0.8 0,0.5
e Riemann problem (&> 0 fixed): (p2,(pu)?) = ( ) xel !
(0.7,-0.8)  x¢€1]05,1]

y=2, f=2,=10"% Ax=5.10"3, At=510"*
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Mesh refinement

e error in L1-norm

meshes composed by 200 x 2" cells, n=0,1,...7
the time step is adapted so that the CFL keeps the same value (1.73)

24



Limit € — 0 - comparison with the limit exact solution

e error in L1-norm

10 10° 10* 10° 102 10"
€

€ CPU-time (s) | Ep(e) | Eu(e) | Ep(e)
1071 0.7724 0.092 | 0.31 1.0

1072 0.908 0.056 | 0.15 | 0.99
1073 0.9753 0.039 | 0.10 | 0.94
1074 1.059 0.033 | 0.090 | 0.38
1072 1.109 0.031 | 0.086 | 12

1076 1.245 0.031 | 0.084 | 127 25




Numerical simulations with CALIF3S - collision in

p° =08 1o, +0.6 1q,
e=10"% h=5.10"3, At=5.10"*
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2D Convergent corridor - add f =VD—-u

v
v

12020 triangles, 6t =1072, £ =0.04
CPU time: 23 min for 1000 time iterations
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Conclusion

e FV-FE staggered scheme compatible with the limit e — 0

e control of the pressure thanks to the discrete inf-sup condition

e numerical simulations performed with CALIF3S developed by IRSN

e convergence as h— 0 (¢ fixed): open pb for the compressible Navier-Stokes eq.

e for the stationary case: see P., Saleh '20
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THANK YOU !
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Discrete operators - velocity convection operator

dive(pue u)(x) =

Y li Y Foelp,u)ue)xp, (x)

0€8int Dol EEg(DU)

Fg,e is defined so that the following discrete mass eq is satisfied on the dual mesh

Do

ot

(o

-pp )+ Z Fg,g(p"+1,u”+1):0 Yo € Eint

ce&(Dy)

where |Dylpp, =Dk olPDy , +|PLolPD,,

mass conservation on the primal mesh

Y Fre+ '?'(”*1 pR)=0 VKe.u
oeé(K) 2

-
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v

e let w be such that divw =cst, f w-nk ;= Fi s and define Fye :fw-ngye
g &

e then, using the mass conservation on the cell K:

. Dk 51 . IDg o
Fko+ 2 Fa,eZ[DK'U leW:—IKIU fK divw = IKIG Y Fke

e€&(Dy)
ECK

a'e&(K)
_|DKvU|( n+1 n )
- 6t K K

e idem for the cell L and we sum the two equations

- FK,U + FL,U + Z Fg,e
o ect(Dy)

1
== (DKol +1DL 517

)~ 1Dk 0 = DL olof)

— +1
—|DU|PnD0
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Degond, Hua, Navoret: IMEX colocated FV scheme

n+l _ n
- 2 +div(pu)™1=0
1 n
pu)""* —(pu . ;
(el ~(PO)" | iv(pue )" +Vpi(o"*1) + Ve (p") =0

e reformulation: div(Mom eq) and insert the result into Mass eq.

pn+1_pn ,

g +div(pu)” —AtAPL(p" ) - AtV2 : (pu® u)" - AtApE(p™) =0
n+l _ n .

w +div(pu® u)"+VpL(p™1) +VpE(p") =0

— uniform stability condition

n+l _ n+1l i)n+1

o p p(pf*+) — nonlinear elliptic equation on (p;.

1) compute (pi)"*1
2) deduce the new density p"*1 — p"*1 satisfies automatically the constraint

3) compute the new momentum (pu)"*1
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Computation of the momentum, Gauge Method

e Gauge Decomposition pu=a—-Ve, diva=0

e time discretization

1
A(pn+1 :A_t(pn+1_pn) (pn+1|00:0
n+l _ .n
AP”+1=—V2:(pU®U)n — Pn+1:p5(pn+1)_(P At(l’
an+1 _an
A7 +div(pueu)"+VP™L =0
(pu)n+1 — an+1 _ V(pn+1
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Time-Space discretization in 1D

n+l _ n
P; p; +i Qn+l/2 n+1/2] 0
At Ax L 7j+1/2 1/2
(pu)7* = (pu)? 4 1
J n n n+1y] _
et [y = Fy ol + 5 | Pe(o i) pe(0]1)) =
with
n+1/2 1 1 _]+1/2
Qj+1//2 [(p”)M Jn:l]_ (01 —P7)
2
o 1]l +(("“)j+1) LTI
noo== - " (pu)’
J+1/27 2 p7 Pl 2 Ifi J
DI, jp = max{luflluf 1}
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o((pe)! ™)~

— AU _

At

2Ax
At

+_
2Ax

AX2[qU+1

—i(p

n+1

n+

At

an+1 _ a”—At((pu@ U)n +p£(pn+1))‘

(pu

)n+1

n+1 n+1 n+1
e z[pe(pj )=2pe(p]" )+ pe(p]” 2)]

t n n n n
oz (o) g = (pu)i 1)+ AX2[Fj+3/2_Fj+1/2_Fj—1/2+Fj—3/2

n n n
Dii1/o(pf1-p) =D 1/2( - Pj_ 1)]
+1 +1
2<p” +<pj” i
1 ) _l_[Dn ( n n)__Dn ( n_.n ﬂ
Pi) = oax [Zj+1/2\Pjs1 =P ) = Fjq o\Pj =P

1
0

At NX Dn n n
+7§1[ j+1/2(‘0j+1_pj) 1/2( -pj- 1)]

a

n+1l _ 1

n+l n+l
Pi+1 ~Pj-1

2Ax
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